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Abstract The compilation of thermodynamic models for geophysical applications is such a tedious
and complex process that it is generally impractical for researchers to refit parameters in existing models
in light of new constraints. To mitigate this difficulty, we develop a Bayesian algorithm that permits

the modification of a thermodynamic model to account for additional observational constraints. This
algorithm can be applied to any thermodynamic dataset and can utilize a wide variety of experimental
constraints. To demonstrate the applicability of the algorithm it is used to revise the Stixrude and
Lithgow-Bertelloni (2011, https://doi.org/10.1111/j.1365-246x.2010.04890.x), whole-mantle terrestrial
thermodynamic model, using phase equilibrium constraints provided by Bertka and Fei (1997, https://doi.
0rg/10.1029/96jb03270), for the more iron-rich compositions that are thought to be relevant to the Martian
mantle. The revised thermodynamic model provides a more reliable prediction of phase equilibria in the
Martian mantle. Seismic properties are calculated in an internally self-consistent manner along hot and
cold areotherms to constrain the upper and lower bounds of these properties for different bulk silicate
Mars compositional models.

Plain Language Summary Thermodynamic models capable of predicting geophysical
properties, such as seismic wave velocities and density are useful in determining the structure of planetary
interiors. We have developed an algorithm capable of refining parameters in thermodynamic models in
light of new experimentally determined constraints. This algorithm is applied to the widely used Stixrude
and Lithgow-Bertelloni (2011, https://doi.org/10.1111/j.1365-246x.2010.04890.x), thermodynamic model
with data for a Mars-like composition and pressure-temperature conditions. Our results show that small
changes to the thermodynamic dataset can result in a marked improvement in the agreement between the
predicted and experimental results, providing estimates for geophysical properties that are consistent with
experimental data. This will enable us to more reliably constrain the composition of the Martian mantle
from the seismic data provided by NASA's InSight mission.

1. Introduction

Thermodynamic models for geologically relevant chemical compositions are a valuable resource in pre-
dicting the physical and thermochemical properties of planetary interiors. These models typically focus on
either phase equilibria (Holland & Powell, 1998; Holland et al., 2013; Wood & Holloway, 1984) or physical
properties (Angel et al., 2017; Duffy & Anderson, 1989; Weidner, 1985) with some hybrid models consid-
ering both sets of properties (Cammarano et al., 2003; Hacker et al., 2003; Ita & Stixrude, 1992; Stixrude
& Lithgow-Bertelloni, 2011). The latter set of models is frequently used in conjunction with geophysical
observations to infer thermochemical structures. Geophysical data provide constraints on the physical prop-
erties of phases at depth, and if compared with calculated properties of stable mineral assemblages for
given pressure, temperature, and composition (P-T-X) conditions determined by Gibbs energy minimiza-
tion (Bina, 1998; Connolly, 2017; de Capitani & Brown, 1987; Saxena & Eriksson, 1983; Stixrude & Lith-
gow-Bertelloni, 2011; Wood & Holloway, 1984), additional information of the state of planetary interiors
can be obtained (Bagheri et al., 2019; Khan et al., 2018).

Phase equilibrium computations require comprehensive thermodynamic data. Sources of such data include
heat measurements by calorimetry (Akaogi et al., 2002; Dachs & Geiger, 2019; Robie & Hemingway, 1995;
Yusa et al., 1993), volume determinations at high pressures and temperatures of single phases to constrain
equation of state (EoS) parameters (Kurnosov et al., 2017; Mao et al., 2015; Murakami et al., 2009), and
equilibrium experiments of multi-phase assemblages (Frost et al., 2001; Hidayat et al., 2017).
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Experimentally determined phase equilibria provide information on the relative thermodynamic properties
of the phases involved, and this information is key to the refinement of thermodynamic data. Methods for
such refinements, which include regression (REG), linear programming (LP), and mathematical program-
ming (MAPS), assume that the stable assemblage has the lowest possible free energy, with experiments
bracketing the P-T conditions for stable mineral assemblages. REG utilizes a system of linear equations
to determine endmember contributions to system properties (Holland, 1989). The weighted mid-points of
brackets are used to minimize the effect endmembers with large variances on the final result. LP calculates
properties through a system of linear inequalities which provide bounds on the acceptable values of param-
eters, while MAPS allows for non-linear constraints (Berman et al., 1986; Gordon, 1973).

Inconsistencies among thermodynamic models can be attributed to the different data sources used to cal-
culate parameters. Even with consistent data sources, differences in global fitting algorithms may result in
different locally predicted stable assemblages required to minimize the global fitting criteria. Predicted sta-
ble assemblages can deviate considerably from experimental data and are of particular concern for compo-
sitions beyond the range considered during the calibration of the thermodynamic database, as parameters
were not directly optimized for these compositions.

Local inconsistencies pose a serious problem for the drawing of inferences from geophysical data. For ex-
ample, reliably reproducing the olivine-wadsleyite and ringwoodite-perovskite + ferropericlase transitions
are particularly important as these represent major seismic discontinuities in the Earth and likely in other
planets (Kennett & Jackson, 2009). Therefore, it is important to refine thermodynamic parameters as new
experimental data becomes available to ensure an improved local consistency. Existing methods of refining
thermodynamic models such as Bayesian, iterative optimization and split combination approaches can be
successful in improving thermodynamic model fit to new experimental data (Chatterjee et al., 1998; Dues-
terhoeft & Lanari, 2020; Li et al., 2020). However, these methods are limited in the number of parameters
they can successfully refine concurrently and usually focus only on experimental uncertainty to constrain
parameter values, rather than exploring model parameter uncertainty more directly.

We develop an algorithm capable of revising thermodynamic data within the error established in the
original assessment to improve local fitting while maintaining global consistency. To demonstrate its ap-
plicability, we use this algorithm to optimize the thermodynamic model of Stixrude and Lithgow-Bertel-
loni (2005, 2011) using constraints provided by the experimental data from Bertka and Fei (1997) for a
Martian mantle analogue, hereafter referred to as SLB11 and BF97, respectively.

BF97 conducted a series of sub solidus multi-anvil experiments along a mantle areotherm on a FeO rich
planetary mantle composition modified after Dreibus and Wanke (1985). However, comparisons of the sta-
ble phase assemblages with the predicted results by the SLB11 thermodynamic database, while consistent
below 8 GPa, show significant differences at higher pressures (Figure 1). The locations of the olivine poly-
morph transitions vary considerably, with BF97 and SLB11 suggesting a wadsleyite-ringwoodite transition
at around 15 and 17 GPa, respectively. An olivine-ringwoodite transition is observed at 13.5 GPa by BF97
while SLB11 does not predict this transition at these P-T-X conditions. There are also differences in the rel-
ative proportions of ringwoodite and majoritic garnet and the stability of majorite with increasing pressure.
By refining the thermodynamic dataset, we produce a thermodynamic model that more accurately repro-
duces the BF97 data, while also mitigating the impact of these refinements on broader thermodynamic
predictions.

To demonstrate the extent to which these changes can have an effect on physical property estimates, the
revised dataset is used to reassess seismic models for the Martian mantle. This is necessary for an accurate
interpretation of the seismic information collected by the InSight Mars lander (Banerdt et al., 2020; Giardini
et al., 2020; Lognonne et al., 2020).

1.1. Methodology

The algorithm, written in MATLAB version R2017b, utilizes Bayesian inference to revise thermodynamic
datasets (Equation 1). It does this by using least squares minimization to obtain the maximum likelihood
estimate (MLE) of the parameters and their uncertainties from the new experimental constraints (Figure 2).
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Figure 1. Pressure-abundance diagrams showing (a) averaged phase proportions calculated from Bertka and Fei (1997) data; empty circles represent

the calculated phase proportions. (b) Phase equilibria predicted by SLB11, (c) MLE, and (d) the Bayesian model. Red squares show the P-T conditions of
experiments. The red line marks the location of the lower mantle. (b)-(d) were calculated using Perple_X (Connolly, 2005). OI, olivine; Wad, wadsleyite; Ring,
ringwoodite; Opx, orthopyroxene; Cpx, clinopyroxene; Gt, garnet majorite; Pv, perovskite; ca-pv, calcium perovskite; Wus, wustite.

Bayesian inference is then applied to the MLE and a prior model (SLB11) to construct a posterior distribu-
tion, from which the Bayesian model parameters and uncertainties are determined.

7(6) = “(1(%9) red )

v.0)- p(0)-do

The posterior distribution 7(9) is the normalized product of the prior probability distribution p(6) from
SLB11 and a likelihood function I(y, 8) determined by the optimization algorithm, where y corresponds
to new data not used to construct the prior. The mean and standard deviation of the posterior distribution
provide the new mean and standard deviation of the parameters.

To determine I(y, 6), the user inputs the thermodynamic database to be optimized and the experimental
data including errors. Gibbs energy minimization is used to calculate the equilibrium phase assemblage
and its properties. A residual R; (Equation 5) is calculated for each experiment by calculating the difference
between the experimentally determined results (Exp) and the predicted results (Pred) for P properties used

to constrain parameters. The sum of the square of all residuals for M experiments is the objective function
Ry (Equation 2).

2

M P
Rroar = ZZ(RV) ®)
i
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Inputs:
(Experimental Data + Thermodynamic model)

Data Processing:
(Calculate phase proportions + correct for endmembers)

Parameter Selection:
(Select parameter values + calculate constraints)

Minimize Gibbs Energy

Reject

Residual Calculation

Bayesian Inference

Bayesian
Result

Figure 2. Flow chart showing the key steps in the optimization algorithm. Initial parameter selection is a single array
containing parameter values from the prior thermodynamic model. A solution is accepted once the simplex generated
by the Nelder-Mead algorithm passes the tolerance criteria. Outputs are the MLE and Bayesian result.

The optimization algorithm uses a constrained Nelder-Mead method to minimize the objective function
(D'Errico, 2020; Nelder & Mead, 1965). The constrained Nelder-Mead method allows upper and lower
bounds to be placed on the parameter estimates by transforming the variables into a new coordinate sys-
tem between these limits, constraining the search region to within n standard deviations of the mean prior
parameters. For underdetermined systems, this reduces the risk that the algorithm converges on a solution
which would produce numerically unstable results outside of the P-T-X conditions of the new experimental
data.

The Nelder-Mead method constructs a simplex with n + 1 vertices in n dimensions and successively replac-
es the vertex that produces the largest residual until the simplex converges on a minimum. To increase the
probability that a global minimum is attained, the algorithm can be run using multiple start points over the
entire parameter space. Results can also be improved by re-seeding the outputted parameter values into
the optimization algorithm, until the residual can no longer be reduced. If a problem is underdetermined a
unique solution is not guaranteed. The algorithm also allows the addition of new phases or phase endmem-
bers to an existing thermodynamic model. This requires an unconstrained minimization, where no bounds
are applied to the new phase parameters, to determine a set of parameter estimates consistent with the
existing thermodynamic model. These values can then be used for the constrained optimization.

1.2. Application

The following methodology describes how the algorithm optimizes the SLB11 database using the BF97 ex-
periments. Inputs from BF97 include P-T conditions of the experiments, composition of stable phases with
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associated error and bulk composition as text files. The properties being minimized for are composition and
volume in weight percent.

As the SLB11 database does not include all the endmembers necessary to represent the BF97 phase compo-
sitions, the BF97 compositional data is simplified. All Fe is assumed to be ferrous and minor elements from
the composition of any phases for which the requisite endmembers are not in the thermodynamic model,
for example, the Ca endmember for olivine, are removed and the compositions renormalized.

A mass balance relation is used to determine the phase proportions x of the stable phases for each experi-
ment (Equation 3),

C-x-B=0,x>0 3)

where C is a matrix containing the compositional data of the stable phases in moles and B is the bulk
composition vector for the experiments. If the difference between the bulk composition estimated by mass
balance and B exceeds a specified tolerance for an individual experiment, then the mass balance criterion
has not been met and the compositions of the phases are adjusted by adding a weighted proportion of the
missing components to all appropriate phases within compositional error until this criterion is fulfilled.

In the present optimization, seven parameters, Helmholtz free energy (F,), Debye temperature (6,), Griinei-
sen parameter (y,) and its logarithmic volume derivative (q,), bulk modulus (K,) and its pressure derivative
(K'y) as well as chemical interaction parameters (Wj), are refined as these are the most significant sources
of uncertainty when determining phase equilibria (Connolly & Khan, 2016). The parameters from SLB11
are standardized to have a mean value of 0 and standard deviation of 1. The algorithm terminates when
both the change in Ry, and the maximum change in the standardized parameters are less than 1073. The
remaining EoS parameters, volume (V;), shear strain derivative (7s,), shear modulus (G), and its pressure
derivative (G'y), are not optimized as the Bertka and Fei (1997) experiments do not provide appropriate seis-
mic velocity or volumetric data needed to constrain these values. Pressure (P) and temperature (T) can also
be treated as variables with errors determined by the experimental run conditions. Gibbs energy minimi-
zation calculations are done using the Perple_X program “meemum” (Connolly, 2009) at the P-T conditions
of the experiments.

A weighted residual R, is calculated for each matching phase X and property being minimized, for example,
composition, volume, seismic velocity, etc. (Equation 4).

E Pred
|(ijp _Xjre)

R = )

w
a * oy,

where « is a user-defined weighting factor. If the difference between the experimental and predicted prop-
erties exceeds 1 for a given phase then R,, = 1. For composition, X is a vector containing the cations of each
compound normalized to the ideal stoichiometry of the phase they are present in, rather than a scalar.

The total residual for each property of an experiment is then the average R, for all matching phases plus the
number of non-matching phases Ry (Equation 5).

1
R;; :ﬁsz + Ry (5)

Once the Nelder-Mead algorithm has converged on a solution, the covariance matrix at the minimum is
calculated (Equation 6).

Cov = yMin N

H' (6)

where H™' is the inverse Hessian matrix, yMin is the minimum function value, and D is the difference be-
tween the number of experiments and the number of parameters being optimized. If the system is underde-
termined then we assume D is 1. If the Hessian matrix is not positive definite, a pseudo-inverse is taken. If

KHAN ET AL.

50f 12



Ay

NI Geochemistry, Geophysics, Geosystems 10.1029/2020GC009399

ADVANCING EARTH
AND SPACE SCIENCE

(a) 20

18

16 |=

14

12

Pressure (GPa)

10

6
100 80 60 40 20 0
Mg,SiO, Mg Number Fe,SiO,

Pressure (GPa)

6
100 80 60 40 20 0
Mg,Si0O, Mg Number Fe,SiO,

Figure 3. Comparison of the predicted phase stabilities of the olivine
polymorphs from thermodynamic models (a) at 1973 K, against
experimental data from Bertka and Fei (1997) and (b) at 1673 K, against
experimental data of Frost (2003). Phase diagrams are calculated using
Perple_X (Connolly, 2005). Solid black lines use the Bayesian result of this
study, black dotted lines are predicted using SLB11, and red dotted lines
are the phase relations shown in Bertka and Fei (1997) and Frost (2003) by
fitting the experiments from those papers. Green, orange, and blue circles
represent olivine, wadsleyite, and ringwoodite, respectively.

only a partial covariance matrix can be determined, the nearest semi-pos-
itive definite Hessian matrix is used instead (Higham, 1988).

Since a covariance matrix for SLB11 is not available, the covariance ma-
trix of the MLE is assumed to also be diagonal. The probability density of
the prior and likelihood are assumed to be Gaussian, thus the posterior
probability distribution is also Gaussian with mean and covariance E and
V (Equations 7 and 8).

E=Vi(Vo+ V) Eg+Vo(Vo + Vi) E, )
V=% +W) v (8)

where 0 is the prior and 1 is the MLE. These values are then normalized
to give the posterior probability density function.

The mean and standard deviation of the MLE and posterior distribution
are the mean and standard deviation of the MLE and Bayesian result
(Figure 2). The Bayesian result is used for later calculations and is availa-
ble as text files formatted for use in Perple_X.

2. Results and Discussion

Ideally when applying this algorithm, the user will have provided a prior
with a full covariance matrix and an overabundance of experimental data
to sufficiently constrain parameters. This unfortunately may not always
be feasible, particularly when trying to refine larger thermodynamic da-
tasets. We demonstrate that even when applying this algorithm in a less
ideal way, a Bayesian approach provides a more appropriate solution than
simply fitting parameters to experiments, as by incorporating the prior it
maintains a general agreement with the experimental data without en-
tirely compromising global consistency. We compare the predicted phase
equilibria for the prior, likelihood, and posterior at the bulk composition
from BF97 as well as for a bulk silicate Earth composition. We also con-
sider how predicted seismic velocities and densities differ between these
models for other bulk silicate Mars compositions. The full set of Bayesian
parameters can be found in the supplementary material.

2.1. Phase Equilibria

Applying our algorithm to the SLB11 database shows a marked improve-
ment in the predicted phase assemblages when compared with those pre-
dicted using SLB11 (Figure 1). After one iteration, the simplex converges
on a local minimum producing a suboptimal result which is rejected.
Reseeding these parameters results in a further reduction of the objec-
tive function, improving the fit (1E, 1F). Comparing the predicted olivine
polymorph stability from BF97, SLB11 and the Bayesian result further

demonstrates the closeness of fit of the Bayesian result to the experimental data (Figure 3). Additionally,
comparing the quality of the fit to other experiments in the same system, such as those of Frost (2003),
show considerable improvements when compared with SLB11. While SLB11 is generally consistent with
the thermodynamic model and experimental data of Frost and BF97, it struggles at intermediate iron con-
centrations to reproduce the olivine polymorph triple point at the experimentally determined pressures and
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temperatures. The location of the triple point predicted by the Bayesian result is very similar to the best fit
thermodynamic models of BF97 and Frost.

However, the Bayesian result is less able to reproduce the wadsleyite phase stability field predicted by
Frost (2003), due to the limited data provided by BF97. There also remains difficulties in reproducing lower
mantle phase abundances and the relative stabilities of some phases for the same reasons. Inaccuracies in
observed versus predicted phases related to lower mantle phase stability are a result of only one experiment
from BF97 being in this P-T range. Additionally, the thermodynamically modeled results produced by the
SLB11 parameters and the Bayesian parameters suggest ca-pv stability in the lower mantle, while BF97
state that this should not be the case as ca-pv should form at higher pressures in more iron-rich composi-
tions. This could be because the SLB11 perovskite model does not contain a CaSiO; endmember, and there-
fore cannot perfectly reproduce the BF97 perovskite composition, which contains 3.59 wt% CaO. A solid
solution between CaSiO; and (Mg, Fe)SiO; at these conditions may be sufficient to suppress formation of
Ca-perovskite until higher pressures are achieved.

Phase diagram sections calculated using the SLB11, MLE, and the Bayesian parameters for a bulk compo-
sition different to the one used for optimization demonstrate the extent to which stability fields can change
(Figure 4). For the bulk silicate Earth composition of McDonough and Sun (1995), the majority of phase sta-
bility fields remain consistent between the prior and posterior with some small P-T offset. Most importantly
those fields containing phases not observed in the experiments, such as stishovite and akimotoite, are in
relatively similar positions. Differences between the Bayesian and SLB11 pseudosections are as anticipated
from the observed differences between BF97 and SLB11 predictions. BF97 shows a marked decrease in Opx
stability, with Opx disappearing at 10 GPa rather than 13 GPa as predicted by SLB11. This is reflected in
Figure 4 by the increase in the size of the O + Cpx + Gt field at the expense of the O + Opx + Cpx + Gt field
(Fields 3 and 4, respectively). Fields containing ringwoodite are more stable at lower pressures and higher
temperatures in the Bayesian model, with the size of fields containing both wadsleyite and ringwoodite
increasing at the expense of the wadsleyite stability field.

The differences between the posterior and the prior (Figure 4), particularly at low pressures and temper-
atures show some of the limitations of this approach when faced with an underdetermined problem. At-
tempts to destabilize Opx with a lack of information constraining its parameters at lower P-T conditions,
result in a less appropriate MLE, which affects the Bayesian result. The quality of the Bayesian result is
only as good as the quality of the information used to calculate it and these issues are more apparent the
further away you go from the experimental P-T-X conditions used. However, since the Bayesian result also
includes information from the prior, it still provides a more generally applicable thermodynamic model
than the MLE results. When dealing with underdetermined problems these limitations can be overcome
by increasing the number of experimental constraints, reducing the size of the optimization bounds, or by
increasing the estimated covariance from the MLE results of poorly constrained parameters to reflect the
lack of information.

2.2. Seismic Properties

The differences in predicted olivine polymorph phase stability at these pressure-temperature-composition
(P-T-X) conditions have implications for the seismic velocity and density profiles of the Martian mantle,
which is assumed to have a bulk Mg# of between 0.72 and 0.79 (Yoshizaki & McDonough, 2020). The upper
and lower bounds for seismic velocity and density for nine bulk silicate Mars compositions were determined
using the Bayesian result (Figure 5). Velocities were calculated along hot and cold areotherms following
Verhoeven et al. (2005) using Voigt-Reuss-Hill bounds on elastic moduli.

These results suggest that the olivine-wadsleyite transition is somewhere between 12 and 14 GPa, with
compositional differences having a greater effect on the depth of this transition at higher temperatures. A
smaller increase in seismic velocity may be observed at lower temperatures at around 10 GPa representing
the loss of Opx in the mantle. At higher temperatures, this occurs immediately before the olivine-wads-
leyite transition. For simplicity, the core size was assumed to be 1389 km as this produces a mantle with a
core-mantle boundary pressure of 24 GPa, covering the entire range of experimental data provided in BF97.
Since all models were run along areotherms up to 24 GPa, a lower mantle is present in every model. The
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Figure 4. Phase diagrams showing differences in predicted stable assemblages by SLB11 parameters (a) and the results from this study for a simplified

bulk silicate Earth (McDonough & Sun, 1995) as implemented in Perple_X (Connolly, 2005). (b) The pseudosection generated using the MLE and (c) the
pseudosection generated using the Bayesian result. Most deviations between the prior and posterior models are as expected based on the experimental data used
for the optimization, with some caveats. The large fields where Cpx + Cpx are stable in (b) demonstrates how overfitting parameters in a narrow P-T-X range,
without sufficient constraints, can affect the quality of the Bayesian result globally. 1. O + Cpx; 2. O + Opx + Cpx; 3. O + Opx + Cpx + Gt; 4. O + Cpx + Gt;
5.0 + Cpx + Gt + C2/c; 6. Wad + Cpx + Gt + C2/c; 7. Wad + Cpx + Gt; 8. Wad + Cpx + Gt + Wus; 9. Wad + Gt + Wus; 10. Wad + Gt; 11. Wad + Ring + Gt;
12. Wad + Ring + Cpx + Gt; 13. Ring + Cpx + Gt + St; 14. Ring + Gt + St; 15. Ring + Gt; 16. Gt + Wus; 17. Ring + Gt + Wus; 18. Ring + Gt + Wus + ca-

pv; 19. Ring + Gt + ca-pv; 20. Ring + Gt + ca-pv + St; 21. Ring + Gt + ca-pv + AKki; 22. Ring 4+ Gt + Pv + ca-pv; 23. Gt + Pv + Wus + ca-pv; 24.

O + Opx + Cpx + Cpx + Gt; 25. Wad + Ring + Cpx + Gt + C2/c; 26. O + Cpx + Cpx + Gt.

transition from upper to lower mantle occurs at pressures greater than 23 GPa regardless of model used or
P-T-X conditions. The start of the lower mantle is determined almost exclusively by pressure, rather than
composition or temperature and occurs around 23.5 + 0.3 GPa. Significant jumps in density correlate with
phase transitions, but beyond that are relatively well constrained regardless of temperature.

For a fixed composition, estimated seismic velocity profiles show small differences in Vp and Vs wave speeds
below 13 GPa, between the Bayesian result and SLB11 (Figure 6). Noticeable deviations in velocities occur
between 13 and 17 GPa in the mantle transition zone. At the olivine-wadsleyite/ringwoodite and wadsley-
ite-ringwoodite phase transitions, Vp and Vs wave speeds can vary by as much as 0.2 km/s between models,
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Figure 5. Plots of pressure against Vp, Vs, and density, calculated in Perple_X using werami for SLB11 (dashed) and the Bayesian result (solid)

(Connolly, 2005). Nine bulk silicate Mars analogs: Morgan and Anders (1979); Ohtani and Kamaya (1992); Wanke and Dreibus (1994); Lodders and

Fegley (1997); Sanloup et al. (1999); Mohapatra and Murty (2003); Khan and Connolly (2008); Taylor (2013); Yoshizaki and McDonough (2020) are tested along
a hot and cold areotherm (Verhoeven et al., 2005) to determine the upper and lower bounds for these properties. Red lines are along a hot areotherm and blue
lines are along a cold areotherm.

KHAN ET AL. 90of12



ADVANCING EARTH
AND SPACE SCIENCE

Geochemistry, Geophysics, Geosystems

10.1029/2020GC009399

Vs (km/s)
24
(c)
N » F [ Wus ca-pv Pv Gt
] Wus Ring ca-pv St Pv Gt
[ Wus Ring ca-pv Pv Gt
Nr 20 F [ Ring ca-pv St Pv Gt
[ Ring ca-pv Pv Gt
N [ Ring ca-pv St Gt
® 18 [ [J Ring St Gt
[ Ring ca-pv Gt
= | Bl Wus Ring ca-pv Gt
° ke 16 B Ring Gt
. [0} I Wus Ring Gt
= ] & 14 F [ Ring Cpx Gt
‘_:‘ B Ring Wad Cpx Gt
(1] Il Ring Wad Cpx C2/c Gt
S a 12 F [ Wus Ring Wad Gt
o Il Wus Ring Wad Cpx Gt
. o9 [ Wad Cpx Gt
er 10 I© [ Wad Cpx C2/c Gt
[ Ring O Cpx Gt
o | s [ Ring O Cpx C2/c Gt
[] wad O Cpx Gt
] Wad O Cpx C2/c Gt
o 6 [ O Cpx C2/c Gt
Il o Cpx Gt
[ 0 Opx Cpx Gt
& 4 [l 0 Opx Cpx Cpx Gt
LA 2
SLB11 SLB11 MLE MLE Bayes Bayes
Cold Hot Cold Hot Cold Hot

Figure 6. Vp (a) and Vs (b) wave velocity profiles with associated 1-d compositional diagrams (c) for the Yoshizaki and McDonough (2020) bulk silicate Mars
analogue along the hot and cold areotherms of Verhoeven et al. (2005). In the velocity profiles, green represents the range of wave speeds predicted by SLB11,
solid lines are calculated using the Bayesian result, and dashed lines using the maximum likelihood estimate. (c) All stable phases predicted along the various
areotherms for the prior, likelihood, and posterior thermodynamic models.

as the depth at which these transitions occur is typically shallower for the Bayesian models. Calculated wave
speeds begin to converge again toward the lower mantle.

Estimates for bulk rock density also remain consistent between models outside of the mantle transition
zone. This suggests that the changes made to parameters have not resulted in notable changes in the pre-
dicted seismic properties of individual phases, but have instead changed the relative stability of phases
in critical regions of the Martian mantle. This application demonstrates that the reliable reproduction of
experimentally determined phase equilibria, through fine tuning of thermodynamic datasets, can notice-
ably affect our predictions of seismic properties. This has significant implications for the interpretation of
seismic velocity profiles used for geophysical inversions of planetary interiors.

3. Conclusions

We have developed a method which allows a flexible approach to the optimization of thermodynamic mod-
els in light of new constraints, such as new additional sets of experimental data as shown in the example
application above. The algorithm employs Bayesian inference which is a valuable tool for refining thermo-
dynamic parameters as it does not require knowledge of the data used to construct the prior. The algorithm
is customizable in its use of input parameters and therefore allows a wide range of thermodynamic param-
eters to be improved. These refinements allow thermodynamic models to be used more reliably without
insulting the integrity of the original model.

Data Availability Statement

The optimization algorithm and accompanying data files are available here: https://doi.org/10.5281/
zenodo.4572300
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